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Severalof therecentlydiscoveredclassicalandquantumfeaturesofaffineTodafield theory
are briefly reviewed, with particularemphasison the Lie algebraicstructureof masses,con-
servedquantitiesandS-matrices.
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1. The model

Affine Todafield theory [1,2] is atheoryof r scalarfields in two-dimensional
Minkowski space—time,wherer is the rankof a compactsemi-simpleLie algebra
g. Theclassicalfield theoryis determinedby the lagrangiandensity

(1.1)

V(Ø)= ~ n1e~’
0. (1.2)

p
0

In (1.2),m andfi arereal, classicallyunimportantconstants,a,, i= 1, ..., r, are
the simplerootsof the Lie algebrag, anda0= ~ n,a, is a linearcombinationof
the simpleroots; it correspondsto the extraspoton anextendedDynkin diagram
for g. If the term i=O is omitted from (1.2) in the lagrangian(1.1), thenthe
theory,bothclassicallyandafterquantisation,is conformal;with the term i= 0,
the conformalsymmetryis brokenbut the theory remainsclassicallyintegrable,
in the sensethat thereareinfinitely manyindependentconservedchargesin in-
volution.

A reasonablequestionto askis whethertheclassicalintegrabilitysurvivesinto
thequantumfield theoryand,if so, what isthe spectrumandto what extentis it
possibleto calculateexplicitlyquantitiesof interestsuchas S-matricesandform
factors.Beginningwith the article of Arinshtein,FateevandZamolodchikovof
someyearsago [1], andstimulatedrecentlyby questionsconcerningintegrable
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perturbationsof conformalfield theory [3,4], a numberof very interestingfacts
havebeendiscoveredconcerningthesespecialtwo-dimensionalfield theories[5—
14]. The recentdiscoveriesleave no doubt that theserelatively simple models
havemuchstructureandtheir study(evenin the/32>0 regime)will be informa-
tive.

In this shortreview, the ADE seriesof Lie algebraswill be singledout for spe-
cialattention.Moreis knownaboutthesethantheother“nonsimplylaced”cases
althoughin theendtheADEseriesmaybefoundto beratheraspecialsetof cases
in awider structure.Work on thenonsimply lacedcasesis beginningto beexcit-
ing [15,16].

2. Classicalfacts

The classicalintegrabilityof the affine Todafield theoriesrelieson the exis-
tenceof aLax pair from which theconservedquantitiesmaybe established.The
detailsofthisareastory in itself [2] but from ourpresentperspectiveit is enough
to be awareof oneof the main results.Namely,the conservedchargesaretwo
dimensionalLorentz-tensors,labelledby their “spin” in light-conecoordinates,
the possiblespinsbeingtheexponentsof thealgebrarepeatedmoduloits Coxeter
numberh= ~ n,. In otherwords,theconservedchargesmaybe denotedQ~±kh,

wheres is an exponentandk is aninteger.The quantitiesQ~1correspondto the
light-conecomponentsof the energy—momentum.If the quantisedfield theory
retainstheintegrabilityproperty,it is expectedthatthe conservedquantitieswill
survive as mutually commutingquantumoperatorswhoseeigenstatesare the
particlesof thetheory.Thus,for single-particlestates,

Q~~a>=q~e1)O~ja>, p=s+kh, (2.1)

where0,, is therapidityof theparticlelabelleda,

Pa~ma(c05F10a,5u1th0a), (2.2)

andma is its mass.
Takingtheclassicallagrangianas thestartingpointfor thedefinition of aquan-

tum field theory,the classicalmassescanbe computedon expandingthe poten-
tial (1.2) as far asthequadraticterm.Thusthe massmatrix is

(M
2)~=m2~ n,a~a~’. (2.3)

Formostcases,the massmatrixwas diagonalisedsometimeago [2]. However,
morerecently,it wasnoticed [6,13] andthenprovedLiealgebraically[17], that
the eigenvaluesof themassmatrix m were themselvesthe squaresof the corn-
ponentsof thelowest-eigenvalueeigenvectoroftheCartanmatrixcorresponding
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to g. In otherwords, it is possibleto choosean orderingof the massesso that
m= (m1,m2, ..., m~)and

Cm=4 sin
2(ir/2h) m. (2.4)

This is quite a remarkableresultsinceit allows the particlesto be assignedun-
ambiguously(upto massdegeneracies),to the Dynkin diagramforg. Evenmore
remarkably,for theADE seriesof simplylacedalgebras(andforoneof thetwisted
casesa~ theclassicalmassratiosarepreservedin perturbativefield theoryat
leastto one-looporder [7,11], suggestingin turnthattheset of eigenvaluesq~in
(2.1) is aneigenvectorof the Cartanmatrix forg. In a while, a generalisationof
thisresultwill bediscussed.

Again atthe classicallevel, it is interestingto examinethe cubic term in the
expansionof (1.2) sincethis definesthe classicalthree-pointcouplings,needed
to carry out, for example,the one-loopcheckmentionedabove.Once the mass
eigenstatesare known, it is possible to compute the couplings, c~=
L~n~a~’a~’cx~.Formanytriples, the couplingvanishes.However,whenthecou-
pling is not zeroit is proportionalalways [7,11] to the areaof a trianglewhose
sideshavelengthsequalto themassesof the threeparticipatingparticlesa, b, c.
Oneconsequenceof thisis thatthecouplingdefinesaset of angles(theanglesin
thetriangle) by, for example,

2_ 2~ 2 -~

m~— mb-1-mb—~.mambCOS ~

where

(2.6)

(Thereis aconventionin the literaturethat the outsideanglesof thetriangleare
denotedby 0~b~etc.) Justwhich couplingsarenon-zerowill beexplainedfurther
below.

3. Quantumconjectures

It hasalreadybeenmentionedthat therealquestionsof interestdonot concern
the classicaltheory atall. The quantumtheory will be regardedas integrableif
the conservedquantitiesQ~surviveandlabel the particlestates.However,it is
not easyto establishthe quantumintegrability usingperturbativetechniques.
Rathertheseareto be supplementedby severalconjectureswhich areusedto
computeinterestingquantities,suchas scatteringmatrices,whosefeaturesmay
be checkedto low orders of perturbationtheory. The essentialfeaturesof the
ideasusedhavebeensummarisedsometimeagoin areviewby Zamolodchikov
andZamolodchikov[18].

Besidessupposingthe particlestatesto be eigenstatesof the conservedquan-
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tities, oneof the main ideas[19] concernsthe fusing of two particlesto form a
“bound state”. In otherwords, assumingthe particlestatesmaybe definedfor
complexrapidities,theremaybepoints in the variable°ab Oa — °b’the relative
rapidityof apair of particlesa,b, atwhichthetwo-particlestate I a,b> sharesthe
quantumnumbersof the single-particle state ë>. (Although in the initial
lagrangianthe fields wereall real, the masseigenstatesarenot necessarilyrealin
thosecircumstanceswherethereare massdegeneracies,e.g., in the A seriesof
theories;in thosecasesthebar denotesthe conjugateparticle.)In otherwords,

Ia, b> ~>, (3.1)

when°ab = i U~.The latter will be referredto as “fusing” angles.The othertwo
fusingsac—*b andbc—~.aarealsopossible,their fusinganglessatisfying

U~b+ ~ + ~ = 2ir

Using (2.1) in conjunctionwith (3.1) leadsto relationsbetweenthe eigenval-
uesof the conservedquantitiesand the fusing angles.Thus, for eachpossible
fusing

~ . (3.2)

Ongeneralgroundsq~= (~)‘~ ‘q~(alsoimplying thatself-conjugateparticles
havezeroeigenvaluefor chargesof evenspin),so that (3.2) maybe rearranged
to

q~+q~e~c+q~e L’i~±U~~)=0 , (3.3)

which representsa setof triangles,onefor eachp andfor eachpossiblefusing. In
particular,for p= 1, eq. (3.3) impliesatrianglerelationshipfor themassesof any
triple involved in a fusing. It is then temptingto supposethe boundstatesare
themselvesthe setof particlesassociatedwith thefields in thelagrangiananduse
the classicaldata,massesandangles,knowingalreadytheir triangleproperty,to
setU~b= 0ab. At leastthis wouldbe sensiblefor thosetheoriesin which the clas-
sical massratiossurvive renormalisation,i.e., principally in the ADE seriesof
cases.Making this identificationplacesstrongconstraintson the eigenvaluesq~
for theothercharges.Indeed,the onlyknownsolutionwhenassembledinto mul-
tipletsq~to matchthe massesm= q

1, satisfies

Cq~=4sin
2(pir/2h)q~, (3.4)

the eigenvaluesforming the componentsof the othereigenvectorsof the Cartan
matrixwhenp is oneof the exponentsof the simply lacedalgebra [14,20].

Thefusingtriangleshaveasuccinctandattractiveinterpretationdiscoveredby
Dorey [20]. This hasalsobeenderivedsubsequentlyfrom the classicallagran-
gian usingLie algebraicmethods [171. In essencethe idea is this. Since each
particlecanbe associatedwith aspoton theDynkin diagram,it is alsoreasonable
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to supposethat eachparticlecanbe associatedwith asimpleroot (or indeeda
fundamentalweight) of the algebrag. This by itself thoughis not enoughto un-
derstandthecouplingrule or fusingtriangles.Rather,it is necessaryto associate
eachparticlewith anorbit of a simpleroot (or its negative,seebelow) underthe
Coxeterelementof the Weyl group. (Fordetailsof the Lie algebratheoryused,
see,for example,ref. [21].) It is useful (andalwayspossible)to colourthe Dyn-
kin diagramof g with two colours (black andwhite) sothat eachsimpleroot of
agivencolouris orthogonalto everyothersimplerootof the samecolour.In fact
therearejust two waysdo to this, andtheydiffer merelyin the interchangeof
blackwith white. A Coxeterelementofg is aproductof Weyl reflections,onefor
eachof the simpleroots.However,up to conjugation,the order in which the re-
flectionsareperformeddoesnot matter.A particularlyusefulCoxeterelementis
definedby

w=flw.flw0, (3.5)
. 0

where,in each individual product, the order is irrelevantbecauseWeyl reflec-
tions correspondingto simplerootsof agiven colour commutewith eachother.
Any Coxeterelementhaseigenvaluese

2~’~’,wheres runs overthe exponentsof
g.

With thesedefinitions,a full setof hr roots for g is obtainedas the disjoint
union of the Coxeterorbits for the white simpleroots,togetherwith the Coxeter
orbits of negativeblacksimpleroots.The particlesareassociatedwith theseor-
bits, sayparticleais associatedwith the orbit {a}. Thenthe couplingrule [20]
statessimplythatthreeparticlescoupleclassically,or fusein thequantumtheory,
provided

{a}+{b}+{c}=0. (3.6)

This meansthat thereis a trianglecomposedof roots selectedonefrom eachof
the orbits {a}, {b}, {c}. Actually, if thereis onetherewill be manysuchroot tri-
angles.Moreover, the set of conservedquantityconditions (3.3) areobtained
from (3.6) by projectiononto theeigenplanesof the Coxeterelement(3.5).

A further conjectureconcernsthe scatteringof two or more particles. If the
conservedquantitiessurvivein thequantumtheory,andif eachparticleis distin-
guishedfrom theothersby atleastoneoftheconservedquantities(notnecessar-
ily the mass),thentwo-particlescatteringis simplein the sensethatparticlepro-
duction is not allowedandthe final particleshavepreciselythe samemomenta
as the initial particles— eventhe possibilityof momentumexchangefor mass
degenerateparticlesis ruledout [18]. Multi-particle scatteringproceedsasacol-
lectionof two-particlescattering~ofthissimpletype.Undertheseconditions,the
initial andfinal two-particlestatescandiffer by aphase(for realrapidity differ-
ence),nothingmore,i.e.,
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Ia, b>outSab(Oab)Ia, b>~~. (3.7)

The S-matrixSabsatisfiescertaingeneralrequirementsas a functionof com-
plexrapidity difference:

unitarity: S~
1(0)Sab(0)

crossing: Sab(0)Sab(~Th0) . (3.8)

Thesedo not constrainthe S-matrixseverely,however.
A strongerconstrainton the S-matrixis providedby insistingon a bootstrap

principle similar to that leadingto the constraintson theeigenvaluesof the con-
servedcharges.If two particlesa,b fuse to form athird ~, thena fourth particle
scatteringwith the pair ab, with scatteringmatrix elementSda(°da ) Sdb( Odb) ac-
cordingto the factorisabilityof multi-particlescatteringsmentionedabove,can
be regardedinsteadasscatteringwith the particle~whenthe relative rapidityof
particlesaandb coincideswith the fusing angle.Thenthe rapiditiesarerelated
by

fl ...a .i rib \ a fl j~i naa~cl~7t(~~ac), 1b c1-lkTh’~.1bc

andthe S-matrixelementsarerelatedby:

~ . (3.10)

Equation(3.10) providesa set of consistencyconditionson the S-matrixwhich
hasstrong implications for the analytic structureof the S-matrix elementsas
functionsof complexrapidity. It doesnot, however,imply a uniqueexpression
for the S-matrix.

For the simply laced Lie algebrasit hasbeenfound that the classicalmasses
andcouplingdata do provide solutionsto thebootstrapon the understanding
thatdirectchannelboundstatesoccuras odd-orderpolesin theS-matrix(which
neednot be simplepoles)with a coefficientequalto apositivenumbertimesi,
crossedchannelboundstatesoccurringwith acoefficientof the oppositesign.
Even-orderpolesdo occurfrequently,but their existencecanbeexplainedwithin
perturbationtheoryas singularitiesof Feynmandiagrams[8]. High,odd-order
polesare also explainedin theseterms.The techniquesfor investigatingthese
singularitiesare quite old [22], althoughin two dimensions,it is oftenconve-
nient to work from firstprinciples.

Althoughthe bootstrapequations(3.10) do not haveauniquesolution, it is
possibleto conjectureasolutionwhich is compatiblewith low ordersof pertur-
bationtheory.For the simply lacedalgebrasin the ADE seriesthe conjectured
solutiontakesthegeneralform

V ía \ ç’mrn(n \ç’ (fl .~\

ab’. abJ ab ‘. abi ab’. ab,P1 ,

in whichthefirst factorsatisfiesthebootstrapbut is independentof thecoupling
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constant/iwhilethe secondfactoralsosatisfiesthe bootstrapequations,depends
upon the couplingconstantbut hasno couplingdependentpoles (for any real
valueof /1) in the physicalstrip Oab=~U,0~u~m.Moreover, Sab~~*las/3—~0.In
fact, every S-matrix element in these special cases maybe written in terms of a
basic “building block” x defined as follows. First, define

sinh(6’/2+iirx/2h)

(x)= sinh(9/2—iirx/2h)’ (3.12)
where 9 is a generic rapidity difference. This block is certainly unitary. Next, set

(x—l)(x+l) (313)
~

where the function B(fl) containsthecouplingdependenceandisgiven by
2

— 2m 1 +/32/4ir’

this is aconjecture,now verified [9] to order /34, which is independent of the
choiceof Liealgebraandsatisfiesthe requirementsmentionedabovefor anyreal
/3.

As anexample,considerthe affineTodatheorybasedon the Lie algebrad
4. In

thiscase,therearethreeparticlesof equalmassandone (correspondingto the
centredot on the Dynkin diagram)whosemassis \/~greater.Denotethe light
particlesQ1, Q2, Q~,andthe heavyoneby h. Thenin termsof (3.13),the S-matrix
elementsare

‘
5’Qac2b{3}, a�b=l,2,3,

5tata{U{5}’ a=l,2,3,

Ss~h={2}{4} , a=l,2,3

Shh={1}{3}2{5} . (3.14)

The possibledirect or crossedchannelfusingscorrespondneatlyto the non-zero
classical couplings, C~2S3,~ c~h,whichin turnmaybetracedto the coupling
rule in termsof orbits of the Coxeterelement,eq. (3.6).Noticetoo thatthe final
pair of S-matrixelementshavesecondandthird orderpoles,respectively.These
polesareexplicablein termsof perturbationtheory andtheir coefficientshave
beencalculated[8], andshownto agreeto lowest contributingorderin the cou-
pling (/34 and/36, respectively)with the coefficientsobtainedfrom the S-matrix
(3.14).

4. Algebraic structure of the S-matrix

Foreachof the membersof theADE seriesof modelsit is possibleto solvethe
bootstrapandobtain (at first sight lengthy) expressionsfor the S-matrixele-
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ments in terms of (3.13). However, Dorey [20] has found a unified formula that
coversat least everysimply lacedcasein termsof the roots or weights of the
algebraand the Coxeterelementof the Weyl group. In fact there are several
expressionsbut,for illustration,onlyonewill bementionedhere.Defineaspecial
set of vectorsas follows:

øa(~~)~a, a=1,...,r, (4.1)

where w is the Coxeterelementintroducedbeforein (3.5), andthe )L~arethe
fundamentalweightsfor the algebra.Dismantle{x} bywriting it in theform {x} ±/
{x} —, wherethe labels±refer to the numeratoranddenominatorof the expres-
sionfor (x), eq. (3.12).Then,anexpressionfor the S-matrixis

Ii

Sab(
0) [J {2P+l+fab}~~’_”0” , (4.2)

p = I

where the parameter ~ab is only sensitiveto the “colours” of the particles.
Specifically,

�~~=~=0, ~o.=+l , E.
0=l . (4.3)

This andallied, equivalentformulaearevery usefulandprovidenew insight
into the couplingformulaandthe structureof the bootstrap[23,24], at leastin
the specialcasesrepresentingthe ADE series.It is not difficult to verify directly
that (4.2) agreeswith theexplicit example(3.14)given above.

The formula (4.2) is suggestivefor anotherreason.Recallan old ideadue to
Zamolodchikov[18] in which asingle-particlestateis regardedascreatedfrom
the vacuumstateby the applicationof a creationoperatorcorrespondingto the
particlein theusualway, asfor freefield theory.Ontheotherhand,atwo-particle
statecorrespondingto an “in” stateis given by the applicationof apair of crea-
tionoperatorsto the vacuumin a specificorder, the oppositeorderingindicating
an “out” state.Then, denotingthe creationoperatorfor particlea by Aa ( 0,,), a
pair of creationoperatorsshouldnot commuteas they would for freefields but
rather

Aa(Oa)Ab(Ob)Sab(Oab)Ab(Ob)Aa(Oa). (4.4)

Note,in the presentsituation,the S-matrixis asetof numbers,onefor eachpair
of particles,andhenceassumingthe associativityof the algebraof creationop-
eratorsplacesno constrainton the S-matrix. This is in contrastto the situation
in which the particlesbelongto degeneratemultipletsandthe scatteringis non-
trivial. There,the associativityimpliesthe Yang—Baxterequationsfor theS-ma-
trix. Sincethe particlesarepresumedto be eigenstatesof the conservedquan-
tities, the creationoperatorsmustsatisfy

[Qp,A,,(O~)]q~ePOaA~(0~) . (4.5)
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Bearingthis in mind, andrecalling thepossibilityof fusing, suggeststhatfor cer-
tainrelativerapidities,correspondingto thefusinganglesmentionedabove,and
to eqs. (3.9),onewouldperhapsexpectasort of operatorproductrelationof the
form

Aa(0a)Ab(0b)~Ac(0c). (4.6)

Giveneq. (4.6), the exchangerelation (4.4) andtheassociativityof the particle
creationoperators,the bootstraprelation (3.10) follows. Thesefactstakento-
gethersuggestit mightbe profitableto seekrepresentationsof theexchangerela-
tion for agiven setofS-matrixelements,or indeedthe operatorproductrelation
(4.6).Ultimately,therelationshipbetweenthefundamentalfields in the lagrang-

ian, in terms of which the perturbative field theory is defined, andtheoperators
creatingthe particlestatesneedsto befound.At presentthisgoalseemsfar away.

Onereasonwhy (4.2) is appealingis its similarity to factorsthatmaybe ob-
tainedby normal-orderingproductsof vertexoperators.To becomeconvincedof
that fact it is necessaryonlyto consideran example.For eachfundamentalweight
). considerastring-like,rapiditydependentfield

X5(0)= ~ ~e0~~cr, (4.7)
r=s±kh r

wherethe sumextendsover all integersk andexponentss. In (4.7), the compo-
nentsof the weightare expressedin a basisof eigenvectorsof the Coxeterele-
ment.The Fockspaceoperatorssatisfythe relations

[cr, Cr’] = (T/h)ôr±r’,o. (4.8)

Define a vertex operator to be the normal-ordered exponential of such a field,

V~t(0)=:expX2(0): ~e~0)e~(8). (4.9)

Then,the productof two vertexoperatorscanbe normal-orderedproducingan
extrafactordependingupon therapiditydifference:

VA(0)V~’(0~)
h

= fl [1_exp(0~_0+21rip/h)]A~~~’A’: VA(0)VA’(0~):, (4.10)
p= I

providedRe 0> Re0’. Thisfactor is very similar to termsin formula(4.2),par-
ticularly on recallingthat ~ w”=O andnoting the termsin (4.10) maybe re-
writtenin termsof sinhfunctions.However,althoughthereis astrikingsimilarity
with factorsin the exchangerelation,thisis not quitethe correctproceduresince
performingthe normal-orderingwith the vertexoperatorsin the oppositeorder,
makingthe analyticcontinuationto acommonrapidity region,andtaking the
ratio of factorsso obtained,givesunity ratherthanthe S-matrix. Indeed,this
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oughtto beanticipated,given the usualconformalpropertyof the vertexopera-
tors. To obtain the S-matrix in aschemesuchasthis, it appearsto be necessary
to deformthevertexoperatorandremovethe conformalproperty.

Theconformalpropertymaybedestroyedin anumberofwaysbut the simplest
device,andonewhich works in the presentcontext,is to takethe annihilation
partof the vertexoperator(4.9) androtatetheweightappearingin theexponent
of thistermby applyingtheCoxeterelementto it, obtaininganewvertex

VA(0)= :expXA(0): ~ex o)eX~(o). (4.11)

Using this vertex in the normal-ordering calculation does indeed yield factors
which occur in the minimalpart of (4.2) after analyticcontinuationandtaking
the ratio of thetermsarisingfrom the two orderings.Furtherdetailsof thisin-
cluding themodificationswhich arenecessaryto accommodatethe two types of
colour, suggestionsfor incorporatingthe couplingconstantdependenceandthe
relationshipwith theconservedquantitiesand(4.6) maybefound in ref. [25].
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